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a b s t r a c t
In this letterwe introduce the concept of aweak solution for a damped linear equationwith
Dirichlet boundary conditions and impulses. We use the classical Lax–Milgram Theorem
to reveal the variational structure of the problem and get the existence and uniqueness
of weak solutions as critical points. This will allow us in the future to deal with the
corresponding nonlinear problems and look for solutions as critical points of weakly lower
semicontinuous functionals.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
One of the most useful and ubiquitous results in applied functional analysis is the Lax–Milgram Theorem [1,2]. Some
recent directions for applications can be found in [3–5].
In this letter we introduce a variational formulation for a damped linear Dirichlet problemwith impulses and the concept
of a weak solution for such a problem. By using the Lax–Milgram Theorem in an appropriate way, we prove the existence of
unique weak solutions that are precisely the critical points of a functional.
The variational structure underlying the impulsive problem will allow us to study in the future the corresponding
nonlinear problem.
2. Linear impulsive problem
Let T > 0, σ ∈ C[0, T ], t0 = 0 < t1 < t2 < · · · < tp−1 < tp < tp+1 = T , and dj ∈ R.
In [5] the authors studied the following linear Dirichlet boundary value problem with impulses
−u′′(t)+ λu(t) = σ(t), t ∈ [0, T ], (1)
∆u′(tj) = dj, j = 1, 2, . . . , p, (2)
u(0) = u(T ) = 0. (3)
The weak solutions of (1)–(3) are given as the solutions u ∈ H10 (0, T ) of the variational equation
a(u, v) = l(v), ∀v ∈ H10 (0, T ), (4)
where
a(u, v) =
∫ T
0
u′(t)v′(t)dt + λ
∫ T
0
u(t)v(t)dt for any u, v ∈ H10 (0, T ),
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and
l(v) =
∫ T
0
σ(t)v(t)dt −
p∑
j=1
djv(tj), v ∈ H10 (0, T ).
If λ > −λ1 = pi2T2 then a is coercive and using the Lax–Milgram Theorem we have that the variational problem
(4) has a unique solution u ∈ H10 (0, T ). Moreover, a is symmetric and the unique solution u minimizes the functional
ϕ : H10 (0, T )→ R defined by
ϕ(v) = 1
2
∫ T
0
(v′(t))2dt + λ
2
∫ T
0
v2(t)dt −
∫ T
0
σ(t)v(t)dt +
p∑
j=1
djv(tj).
The critical points of the functional ϕ give the weak solutions of (1)–(3).
In the nonlinear situation we have the following nonlinear impulsive problem
−u′′(t)+ λu(t) = f (t, u(t)), t ∈ [0, T ], (5)
∆u′(tj) = Ij(u(t−j )), j = 1, 2, . . . , p, (6)
where f : [0, T ] × R → R is continuous, and Ij : R → R, j = 1, 2, . . . , p are continuous, together with the Dirichlet
boundary conditions (3).
A weak solution of (5)–(6)–(3) is a function u ∈ H10 (0, T ) such that∫ T
0
u′(t)v′(t)dt + λ
∫ T
0
u(t)v(t)dt = −
p∑
j=1
Ij(u(tj))v(tj)+
∫ T
0
f (t, u(t))dt (7)
for every v ∈ H10 (0, T ).
Let
F(t, u) =
∫ u
0
f (t, ξ)dξ .
The weak solutions of (5)–(6)–(3) are precisely the critical points [6] of the functional ϕ : H10 (0, T )→ R defined by
ϕ(u) = 1
2
∫ T
0
(u′(t))2dt + λ
2
∫ T
0
u2(t)dt +
p∑
j=1
∫ u(tj)
0
Ij(t)dt −
∫ T
0
F(t, u(t))dt.
3. Damped linear impulsive problem
Let σ ∈ C[0, T ] and g : [0, T ] → R. We now consider the damped linear equation
− u′′(t)+ g(t)u′(t)+ λu(t) = σ(t), t ∈ [0, T ], (8)
with the Dirichlet boundary conditions (3) and the impulses (2).
Note that for g ≡ 0 we have the linear problem (1)–(3).
For this linear damped Dirichlet boundary problem (8)–(2)–(3), the variational structure due to the presence of the
damped term g(t)u′ is not apparent. However, we will be able to transform it into a variational formulation.
Let
G(t) = −
∫ t
0
g(s)ds, t ∈ [0, T ].
Multiply Eq. (8) by eG(t) to get
−(eG(t)u′(t))′ + λeG(t)u(t) = eG(t)σ(t).
Nowmultiply by v ∈ H10 (0, T ) and integrate on the interval [0, T ]:∫ T
0
eG(t)u′(t)v′(t)dt + λ
∫ T
0
eG(t)u(t)v(t)dt = −
p∑
j=1
eG(tj)djv(tj)+
∫ T
0
eG(t)σ(t)dt.
Hence, we define A : H10 (0, T )× H10 (0, T )→ R and L : H10 (0, T )→ R as
A(u, v) =
∫ T
0
eG(t)u′(t)v′(t)dt + λ
∫ T
0
eG(t)u(t)v(t)dt,
L(v) = −
p∑
j=1
eG(tj)djv(tj)+
∫ T
0
eG(t)σ(t)dt.
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Obviously, A is continuous and symmetric, and L continuous. As a consequence, we define a weak solution of (8)–(2)–(3)
as a function u ∈ H10 (0, T ) such that
A(u, v) = L(v), ∀v ∈ H10 (0, T ). (9)
Theorem 3.1. Assume that λ > −λ1, then the linear damped problem (8)–(2)–(3) has a unique weak solution. Such a unique
solution is given as the element u ∈ H10 (0, T )minimizing the functionalΦ : H10 (0, T )→ R defined by
Φ(v) = 1
2
∫ T
0
eG(t)(v′(t))2dt + λ
2
∫ T
0
eG(t)v2(t)dt +
p∑
j=1
eG(tj)djv(tj)−
∫ T
0
eG(t)σ(t)dt.
Proof. The bilinear form A is coercive and we can apply the Lax–Milgram Theorem to obtain the existence of a unique weak
solution of (8)–(2)–(3). Using the fact that A is symmetric we have that the unique weak solution minimizesΦ . 
4. Damped nonlinear impulsive problem
Let f : [0, T ] × R→ R continuous.
Consider the nonlinear damped nonlinear equation
− u′′(t)+ g(t)u′(t)+ λu(t) = f (t, u(t)) ∈ [0, T ], (10)
with impulses (6) and Dirichlet boundary conditions (3).
A weak solution of the nonlinear damped Eq. (10) with Dirichlet boundary conditions (3) and subjected to the impulsive
conditions (6) is a critical point of the following functional:
Ψ : H10 (0, T )→ R,
Ψ (v) = Φ(v)−
∫ T
0
F(t, v(t))dt.
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